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(1370) as manifestations of the ground and excited
ss states; and the state f
0
(400   1200), as the ground
uu state. Van Beveren et al. [27] considered the states
f
0
(400   1200) and f
0





(1500), as ss ground states. Two
ground states for each qq system occur due to pole dou-
bling, which takes place for scalar mesons in their model.
Shakin et al. [15] obtained from a nonlocal connement
model that the f
0
(980) resonance is the ground uu state,
and f
0
(1370) is the ground ss state. The state f
0
(1500) is
considered as a radial excitation of f
0
(980). They believed
the mass of the scalar glueball to be 1770 MeV.
In our recent papers [17], following the methods given
in Refs. [2,28,29,30], we showed that all experimentally
observed scalar meson states with masses in the inter-
val from 0.4 to 1.71 GeV can be interpreted as members
of two scalar meson nonets | the ground state of the
meson-nonet and its rst radial excitation. We considered
all scalar mesons as qq states and took into account the
singlet-octet mixing caused by the 't Hooft interaction. In
[17], we obtained a scalar isoscalar state with mass 1600





(1710) we should ascribe
it. From our analysis of the decay rates calculated in our
model, we found that f
0
(1710) better ts to the nonet
of quarkonia than f
0
(1500). Therefore, we supposed that
the state f
0
(1500) contained a signicant component of
the scalar glueball (see [19,20]). However, the nal deci-
sion should be made after including the scalar glueball into
the model, and taking account of its mixing with quarko-
nia, which will shift scalar meson masses.





(1710) [20,21,22]. To describe the proper-
ties and mixing of the glueball with the other scalar states,
one should introduce an additional scalar isoscalar dilaton
eld  into our model, in addition to the quarkonia which
have already been described [17]. For this purpose, one
can make use of the idea of approximate scale invariance
of eective Lagrangians based on the dilaton model. Such
models were studied by many authors (see, e. g., [10,22,31,
32,33]). Unfortunately, there is no unique way to introduce
the dilaton eld into a chiral Lagrangian. This justies the
large number of models dealing with glueballs.
The guideline, one should follow when introducing the
dilaton eld into an eective meson Lagrangian, is to re-
produce the Ward identity connected with the scale anomaly.
The latter leads to the following equation for the vacuum







































is the number of colours; N
f











, the current quark mass.
In this paper, we are going to use the most natural
method of introducing the dilaton eld into the eective
Lagrangian by requiring that, in the chiral limit, our La-
grangian should be scale-invariant except for the dilaton
potential. To realize this program, one should multiply all
dimensional parameters of the original Lagrangian (with-
out dilaton) by a corresponding power of the dilaton eld
divided by its vacuum expectation value 
c
to preserve
the dimensions of model parameters. Thus, instead of the
four-quark coupling constant G, the 't Hooft coupling con-
stant K, ultraviolet cuto  (necessary for the regulariza-
tion of divergent integrals coming from quark loops), and
the constituent quark masses m
q
















Current quark masses m
0
q
are not multiplied by the
dilaton eld and violate scale invariance explicitly, as it
takes place in QCD. Their contribution to the divergence
of the dilatation current is determined by quark conden-
sates and disappears in the chiral limit (see (1)).
Omitting, for a moment, the 't Hooft interaction in our
approach (which, to an extent, is in the spirit of papers [10,
22,29] ), we require that the Lagrangian is scale-invariant
in the chiral limit both before and after the spontaneous
breaking of chiral symmetry (SBCS), except for the dila-
ton potential. This property can be obtained by consid-
ering (after bosonization when the eective Lagrangian
is expressed in terms of bosonic scalar and pseudoscalar
















=  m, guaranteing that the rela-
tion (1) is satised [38]. The nonzero vacuum expectation
value of  appears as a result of SBCS, and thus, the
constituent quark mass is produced. In the case of non-
vanishing current quark masses, (3) changes by including
an additional (non-scaled) mass term m
0
into the r.h.s.












in the eective Lagrangian (31) which breaks both chiral
and scale symmetry just in the way required by the quark
mass term m
0
qq of the QCD Lagrangian.
The structure of the paper is as follows. In Section 2,
we derive the usual U (3) U (3)-avour symmetric eec-
tive Lagrangian with the 't Hooft interaction and without
dilaton elds. In Section 3, the dilaton eld is introduced
into the eective Lagrangian obtained in Section 2. Gap
equations are investigated in Section 4. In Section 5, we
derive mass terms and x the model parameters. The main
decays of scalar isoscalar mesons are calculated in Section
6. Finally, in the Conclusion, we discuss the obtained re-
sults.
2. Chiral eective Lagrangian with 't Hooft
interaction
A U (3)  U (3) chiral Lagrangian with the 't Hooft inter-
action was investigated in paper [34]. It consists of three
terms as shown in formula (4). The rst term represents
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the free quark Lagrangian, the second is composed of four-
quark vertices as in the NJL model, and the last one de-
scribes the six-quark 't Hooft interaction [35] that is nec-
























 K fdet[q(1 + 
5
)q] + det[q(1  
5
)q]g : (4)
Here G and K are coupling constants, 
a
(a = 1; :::; 8)




2=3 1, with 1 being
the unit matrix; m
0

















The standard bosonization procedure for local quark
models consists in replacing the four-quark vertices by
Yukawa couplings of quarks with bosonic elds which en-
ables one to perform the integration over quark elds. The
nal eective bosonic Lagrangian appears then as a result
of the calculation of the quark determinant. To realize
this program, it is necessary, using the method described
in [34,35,36,37], to go from Lagrangian (4) to an interme-








































































































































































































; (n=1; 2; a=u; s); (9)
are calculated in the Euclidean metric and regularized by










































. Note that we have introduced the no-
tation of constituent quark mass already here, although
they will be consistently considered only later, when dis-
cussing mass gap equations (compare (41) and (42)) and
the related shift of scalar meson elds (see (12) and (13)).
However, as we want to use an eective four-fermion in-
teraction instead of the original six-quark one, we have to
calculate quark loop corrections for the constant G (see
(6)) using full quark propagators with constituent quark
masses.
In addition to the one-loop corrections to the constant




(see (7) and (8)). This is to avoid the
problem of double counting of the 't Hoot contribution
in gap equations which was encountered by the author
in [37]. After the redenition of the constant G and of
the current quark masses, we can guarantee that in the
large-N
c
limit the mass spectrum of mesons and the gap
equations, derived from the new Lagrangian with modi-
ed four-quark vertices, are the same as those which are
obtained from the original Lagrangian with six-quark ver-
tices.
Now we can bosonize Lagrangian (5). By introducing
auxiliary scalar  and pseudoscalar  elds, we obtain [2,
28,34]















































As we expect, the chiral symmetry is spontaneously bro-
ken due to the strong attraction of quarks in the scalar
channel and the scalar isoscalar elds acquire nonzero vac-




6= 0 (a = 8; 9). These values
are related to basic model parameters G,m
0
and  via gap
equations as it will be shown in the next Section. There-
fore, we rst have to shift the  elds by proper values so
















































After this shift we obtain:
L(
0
































The notation \constituent" quark mass refers here to the
total quark mass appearing in the full quark propagator.
















































From Lagrangian (13) we take only those terms (in mo-
mentum space) which are linear, squared, cubic and quar-






















































































where \tr" means calculating the trace over  -matrix ex-
pressions and [: : :]
 












































Then, we renormalize the elds in (15) so that the kinetic
terms of the eective Lagrangian are of conventional form,























































































































































































Despite that the scalar elds are of the main interest in
this paper, we still need pseudoscalar elds to x the model
parameters.



































































































































































where we have taken into account -A
1
-transitions leading
to an additional Z factor, with M
A
1
being the mass of
axial-vector meson (see [2]). The renormalized scalar and
pseudoscalar elds in (21) are marked with the superscript
r.
The mass formulae for isovectors and isodublets fol-
low immediately from (18). One just has to look up for




. There are still nondiag-
onal terms in (20) in the isoscalar sector. This problem
is solved by choosing the proper mixing angles both for
the scalars and pseudoscalars (see e.g. [34]). As we are go-
ing to introduce the glueball eld, the mixing with scalar
isoscalar quarkonia will change the situation. One has to
consider the mixing among three states, which cannot be
described by a single angle. For simplicity, in our estima-
tions we resort to a numerical diagonalization procedure,
not to the algebraic one. Concerning the pseudoscalar sec-
tor, one can avail oneself with the results given in [34]. All
what concerns dealing with the glueball is discussed in the
next Section.
3. Nambu{Jona-Lasinio model with dilaton.
As we have already mentioned before, we introduce the
glueball into our eective Lagrangian, obtained in the pre-
vious Section, as a dilaton. For this purpose we use the
following principle. Insofar as the QCD Lagrangian, in
the chiral limit, is scale invariant, we suppose that our
eective meson Lagrangian, motivated by QCD, has also
to be scale invariant both before and after SBCS in the
case when the current quark masses are equal to zero.
Note that the scale anomaly of QCD is reproduced by
the dilaton potential. As a result, we come to the follow-
ing prescription: the dimensional model parameters G, ,













, where  is the dilaton
eld with the vacuum expectation value 
c
. Moreover,
the constituent quark masses are replaced by the rule







). Concerning the current quark masses,



























































and the denition of 
0







is proportional to the 't Hooft interaction constant
K (see (7) and (8)) and has conventional scale behaviour,
therefore it should be scaled in the same way as 
a
. Note
that in the r.h.s of (25) 
0
denotes the quantum uctua-
































































































  V () (27)
with the potential


















that has a minimum at  = 
0
, and the parameter B
represents the vacuum energy, when there are no quarks.
The curvature of the potential at its minimumdetermines
















































































































































































































































The dilaton eld is here expanded around its vacuum ex-













Recall that the terms proportional to m
0
break ex-
plicitly chiral and scale invariance in the same way as
the current mass term of QCD Lagrangian. Notice also
that for our linear -model (26), together with the gap


















)=2 arising in nonlinear -models [33,38].
As one can see, expanding (31) in power series of ,
we can extract a term that is of order 
4
. It can be ab-
sorbed by the term in the pure dilaton potential which
has the same degree of . Obviously, this leads only to
a redenition of the constants B and 
0
, which anyway
are not known from the very beginning. Moreover, saying
in advance, terms like 
4
do not contribute to the diver-
gence of the dilatation current (1) because of their scale
invariance.
Let us now consider the vacuum expectation value of
the divergence of the dilatation current calculated from




























































; ) is the






; ). Note that we
have simplied (32), taking into account that the quark



















; (q = u; d; s); (33)
and that these integrals are connected with constants G
( )
ab
through gap equations, as it will be shown in the next
Section. Comparing the QCD expression (1) with (32),
one can see that the quark condensates enter into both
formulae in the same way. Equating the right hand sides
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This equation relates the gluon condensate, whose value
we take from other models (see e.g. [39]), to the model
parameter B. The next step is to investigate the gap equa-
tions.
4. Gap equations
As usual, gap equations are follow from the requirement













































































































































































Using (7) and (8), one can rewrite the gap equations




















































The equations discussed above allow us to relate the
current quark masses to the rest of model parameters and
also to relate the constants B and 
0
to the gluon con-
densate and 
c
. The constituent quark masses, ultraviolet
cuto, and four-quark coupling constants will be xed, as
usual in NJL, by means of the Goldberger-Treimann re-
lation, the  !  decay constant, pion weak decay con-
stant and the mass spectrum of pseudoscalars (For details
see [34] and Refs. therein). In the next Section we dene

c
, using the bare glueball mass (without mixing eects)
as a parameter.












B, and (bare) glueball mass m
g






















I 555 1075 1500 191 192 0.005 1480
II 555 1080 1710 167 168 0.005 1695
5. Mass formulae and numerical estimations.


















































































































The dilaton and its interaction with quarkonia does not




, , G, and K xed
in our earlier paper [34]
m
u
= 280 MeV; m
s
= 420 MeV;  = 1:25 GeV;
G = 4:38 GeV
 2
; K = 11:2 GeV
 5
: (44)
As it has been already mentioned, after the dilaton eld is





, and B. To determine these parameters, we
use the two equations (35) and (39) and the bare (without












We adjust it so that, in the output, the mass of the heavi-
est meson would be 1500 MeV or 1710 MeV, and thereby
x 
c
. For the gluon condensate, we use the value (390 MeV)
4
[39]. The result of our t is presented in Table 1 where we







. The last one is associated with the glue-
ball. The parameters 
0
and B are xed by the gluon
























The mixing of scalar isoscalar elds is described by the

























The matrix elements of b are given in Table 2.
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Table 2. Elements of the matrix b, describing mixing in the













































Once all parameters are xed, we can estimate the decay














where l = I; II; III.
The amplitudes that describe the decays are relatively
simple in our model. The decays of quarkonia were con-
sidered in [34]. Here we only give numerical estimates
for their decay widths, where the mixing with glueball is
taken into account (see Table 2). Below, we discuss only
those amplitudes that describe glueball decays. The pro-
cess 
III
















which has been divided into two parts. The rst part rep-
resents the contribution from the pure glueball. It is pro-



















represents a corresponding element of the
33 mixingmatrix for scalar isoscalar states (see Table 2).
This contribution is small (since it is proportional to the
current quark mass m
0
u
), and the process is determined
by the second part that describes the decay of the quark





















j  1, this term
prevails over the pure glueball contribution because M
2












. As a result, the






















(1710). As one can see this process occurs
with a relatively low rate.
In the case of K

K channels, the contribution of the
pure glueball is also proportional to the mass square of
the secondary particle, kaon in this case. But it is rather






. In the same






















where the pure glueball decay into K


















































In this case, the contribution from the quark component












= 42 MeV; (57)











= 90 MeV: (58)
Strange quarks contribute more and interfere with the
pure glueball part, essentially reducing the decay width
(by a factor 3).
The amplitude of the decay of a glueball into  and

0
can also be considered in the same manner. The only
complication is the singlet-octet mixing in the pseudoscalar


































































 =    
0
, with  being the singlet-octet mixing






























For the decay of the glueball into 
0































































is equal to zero because there is
no decay of a bare glueball into 
0
. This process occurs
only due to the mixing between the glueball and scalar



























is just qualitative because the decay is allowed
only due to the nite width of the resonance as its mass lies
a little bit below the 
0
threshold. The calculation is made
for the mass of f
0
(1500) plus its half-width. For f
0
(1710),
we have a more reliable estimation since the mass is large
enough for the decay to be possible. One can see that the
order of magnitude for this decay is about 5 MeV. The
estimate for f
0
(1500) is not in contradiction with it.
The decays into four pions are estimated as decays pro-
ceeding throug two channels: one with two intermediate
scalar resonances ( !  ! 4) and one with only one
intermediate scalar resonance ( ! 2 ! 4). Here we
neglect the mixing of glueball with quarkonia since the
























































































= 93 MeV is the pion week decay constant, M

is the mass of the state 
I
. The function (s) appears due
to the resonant structure of the processes












is the decay width of the 
I
resonance (see be-












; (i; j = 1; : : : ; 4): (73)

























































Only the lowest scalar isoscalar resonance is taken into
account here. The contribution from f
0
(980) should be notice-



















































































































































From our estimation it follows that in the case, where

III
is identied with f
0





= 30 MeV; (80)









= 60 MeV: (81)







that we identify with f
0
(400 1200) decays mostly








 760 MeV: (82)
The state 
III
does not aect it noticeably, since the mix-
ing of the glueball with uu is very small. Therefore, the









is approximately the same in magnitude.
The decay of the state 
II
that we identify with f
0
(980)
into pions is determined by the quark component and
is slightly reduced by the glueball component because of




















(1710). From experiment, we know that its
decay width lies within the interval from 40 MeV to 100
MeV. Concerning the process 
II
! , we obtain a decay
width that is lower than the experimental one. Notice that
this prediction is completely based on singlet-octet mixing
following from the 't Hooft interaction [34] where dilaton
eects do play a minor role. The decay into K

K can also
be taken into account. From experiment we learn that the
decay into K

K can contribute about 30% to the total
width [4]. Our estimates for decays of the glueball are
collected in Table 3.
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Table 3. The partial and total decay widths (in MeV) of the



































(1500) 4 42 25 5 30 100 112
f
0
(1710) 3 90 42 5 60 200 130
7. Conclusion
As it was mentioned in the Introduction, the inclusion of a
scalar glueball into the eective meson Lagrangian is quite
an ambiguous procedure. The goal of our paper is to nd
the most physically justied way to do this. In the ap-
proach presented above, we assume that (with the excep-
tion of the dilaton potential) scale invariance holds for the
eective Lagrangian before and after SBCS in the chiral
limit. The terms depending on current quark masses break
both the chiral and scale invariance, in accordance with
QCD. This leads to the requirement that we should intro-
duce the dilaton eld into the constituent quark masses
while the current quark masses remain unscaled.
In this version of a scaled NJL model, the terms that
describe mixing of the glueball with quarkonia are also
proportional to current quark masses. The same is true for
the amplitudes describing decays of the glueball into pairs
of pseudoscalars. Insofar as the masses of current quarks
are small in comparison with the other model parameters
(constituent quark mass, 
c
, , and so on), this results in
a small mixing of the glueball with quarkonia, relatively
small rates for decays of the glueball into , and only
slightly changes the decay width of f
0
(980) !  calcu-
lated before introducing the glueball [34]. The decay of the
glueball into two pions is mostly determined by its qq ad-
mixture despite the small mixing. The mixing coeÆcient





is multiplied by a relatively large constant describing the
decay of the -meson into a pair of pions.
In the case of the KK channel, both the gluonic and
quark components play an important role since the inter-
ference between the gluonic and quark amplitudes is large.
The relatively small contribution from the uu component
slightly increases the decay rate of the glueball. But the
contribution from the ss component reduces the contribu-
tion from the pure glueball by factor 3.
The decay into  is mostly determined by the glueball
component. The mixing of the glueball with ss reduces
the decay rate but not signicantly. The decay into 
0
is
less than into  and is allowed only due to the mixing
of quarkonia with the glueball. This process serves as a
measure of this mixing. However, in the case of f
0
(1500),
it is diÆcult to give reliable estimates for its rate because
the process occurs near the threshold.
Decays into 4 pions are represented by two processes.
In the rst one, two intermediate scalar resonances are
born by the glueball with their subsequent decay into two
pairs of pions. In the second process, only one intermediate
scalar resonance together with a pair of pions are produced
immediately after the decay of the glueball. Then, the
scalar resonance decays into pions. From our calculations
it follows that the second process is dominant and two
scalar resonances are less probable to appear.
The total width of the third scalar isoscalar state is




and 200 MeV for M

III
= 1710 MeV. If we assume that
the f
0
(1500) state is the scalar glueball, the total decay
width derived from our model is close to the experimental
value (112 MeV). Unfortunately, the detailed data on the
branching ratios of f
0
(1500) are not reliable and contro-
versial [4].
In conclusion, we would like to note that, in our model,
the width of the decay of a glueball into two pions is small,
because the amplitude describing this decay, is propor-







does not depend on momenta. The latter in the chiral
limit formally disagrees with the low-energy theorems ob-
tained in paper [40]. In general, we could consider a version
of our model containing momentum-dependent vertices,
whose momentum dependence is in agreement with these
low-energy theorems. However, such a momentum depen-
dence of the amplitude leads to too large decay width of a
heavy glueball (see [33]), which contradicts the experimen-
tal data. This witnesses to the fact that these low-energy
theorems are not justied to be applied in the case of a
heavy glueball.




Next-to-leading order corrections can to an extent change
the nal results. Note also that, in the energy region un-
der consideration ( 1500 MeV), we work on the brim
of the validity of exploiting the chiral symmetry that was
used to construct our eective Lagrangian. Thus, we can
consider our results as rather qualitative. Nevertheless, a
satisfactory agreement with experimental data is obtained
for the total width of f
0
(1500).
We are going to use this approach in our future work
for describing both glueballs and ground and radially ex-
cited scalar meson nonets which lie it the energy inter-
val from 0.4 to 1.71 GeV. Small mixing angles make us
hope that introducing the glueball into our model will not
change the whole picture dramatically.
We are grateful to Prof. S.B. Gerasimov, Dr. A.E. Dorokhov,
and Dr. N.I. Kochelev for useful discussions. The work is sup-
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